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Abstract
Let K = {k1, k2, . . . , kr } and L = {l1, l2, . . . , ls} be sets of nonnegative integers with ki > s − r .
Let F = {F1, F2, . . . , Fm} be a family of subsets of [n] with |Fi | ∈ K for each i and |Fi ∩ F j | ∈ L
for any i 6= j . We prove that |F | ≤ ∑si=s−r ( n−1i ) when we have the conditions that |Fi | 6∈ L and ki ’s
are consecutive. We also prove the same bound under the condition
⋂m
i=1 Fi 6= ∅ instead of the above
conditions. Finally, an observation gives us a bound of
(
n
d n2 e
)
on |F | when K ∩ L = ∅.
c© 2005 Elsevier Ltd. All rights reserved.
1. Introduction
In this paper, F stands for a family of subsets of [n] = {1, 2, . . . , n}, K = {k1, . . . , kr } and
L = {l1, . . . , ls} where |Fi | ∈ K for all Fi ∈ F , |Fi ∩ F j | ∈ L for all Fi , F j ∈ F, i 6= j . The
variable x will stand as a shorthand form for the n-dimensional vector variable (x1, x2, . . . , xn).
Also, since these variables will only take the values 0 and 1, all the polynomials we will work
with will be reduced modulo the relation xi 2 = xi . We will present some results in this paper that
give upper bounds on the size of F under various conditions. Below is a list of related results
obtained by others.
Theorem 1 (Ray-Chaudhuri and Wilson [1]). If K = {k}, and L is any set of nonnegative
integers with k > max l j , then |F | ≤
( n
s
)
.
Theorem 2 (Alon et al. [2]). If K and L are any sets with ki > s − r , then |F | ≤( n
s
)+ ( ns−1)+ · · · + ( ns−r+1).
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Theorem 3 (Snevily [3]). If K and L are any sets such that min ki > max l j , then |F | ≤(
n−1
s
)
+
(
n−1
s−1
)
+ · · · +
(
n−1
0
)
.
Theorem 4 (Snevily [6]). Let K and L be sets of nonnegative integers such that min ki >
max l j . Then, |F | ≤
(
n−1
s
)
+
(
n−1
s−1
)
+ · · · +
(
n−1
s−2r+1
)
.
Conjecture 5 (Snevily [4]). For any K and L with min ki > max l j , |F | ≤
( n
s
)
.
In the same paper in which he stated the above conjecture, Snevily mentions that it seems hard
to prove the above bound and states the following weaker conjecture.
Conjecture 6 (Snevily [4]). For any K and L with min ki > max l j , |F | ≤
(
n−1
s
)
+
(
n−1
s−1
)
+
· · · +
(
n−1
s−r
)
.
In this paper, first we prove the bound of Conjecture 6 when K is a consecutive set. The second
theorem we prove is a special case of Conjecture 6 with the extra condition that
⋂m
i=1 Fi 6= ∅.
These two theorems are stated hereunder.
Theorem 7. Let K = {k1, k2, . . . , kr } where ki = k1+i−1, k1 > s−r , and L = {l1, l2, . . . , ls}.
Let F = {F1, F2, . . . , Fm} be such that |Fi | ∈ K for each i , |Fi | 6∈ L, and |Fi ∩ F j | ∈ L for any
i 6= j . Then |F | ≤
(
n−1
s
)
+
(
n−1
s−1
)
+ · · · +
(
n−1
s−r
)
.
Theorem 8. Let K = {k1, k2, . . . , kr }, L = {l1, l2, . . . , ls}, and F = {F1, F2, . . . , Fm} be such
that |Fi | ∈ K for each i , |Fi ∩ F j | ∈ L for any i 6= j , and ki > s − r . If ⋂mi=1 Fi 6= ∅, then
|F | ≤
(
n−1
s
)
+
(
n−1
s−1
)
+ · · · +
(
n−1
s−r
)
.
Towards the end of the paper, we make an observation related to the following conjecture.
Conjecture 9 (Alon et al. [2]). Let K and L be subsets of {0, 1, . . . , p−1} such that K∩L = ∅,
where p is a prime, and F = {F1, F2, . . . , Fm} be a family of subsets of [n] such that
|Fi |(mod p) ∈ K for all Fi ∈ F and |Fi ∩ F j |(mod p) ∈ L for i 6= j . If n ≥ s + max ki ,
then |F | ≤ ( ns )+ ( ns−1)+ · · · + ( ns−r+1).
In [2], Alon, Babai, and Suzuki proved their conjectured bound under the extra conditions that
r(s− r + 1) ≤ p− 1 and n ≥ s+max ki . Qian and Ray-Chaudhuri [5] proved that if n > 2s− r
instead of n ≥ s + max ki , then the above bound holds. We make an observation that without
assuming n ≥ s + max ki , we can have |F | ≤
(
n
d n2 e
)
, and this is better than the conjectured
bound under certain conditions.
2. Proofs of theorems
Proof of Theorem 7. For each Fi ∈ F , define
fi (x) =
s∏
k=1
(vi · x − lk),
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where vi is the characteristic vector of Fi . Without loss of generality, we can assume that 1 6∈ Fi
for 1 ≤ i ≤ t and 1 ∈ Fi for t < i ≤ m. Note that fi (vi ) 6= 0 and fi (v j ) = 0, so the set of fi ’s is
linearly independent. Let E = {E1, . . . , Ee} be the family of subsets of [n] − {1} of size at most
s − 1, which is ordered by size, that is, |Ei | ≤ |E j | if i < j , where e = ∑s−1i=0 ( n−1i ). Let ui
denote the characteristic vector of Ei . We define the multilinear polynomial gi in n variables:
gi (x) = (x1 − 1)
∏
j∈Ei
x j .
Since gi (ui ) 6= 0 and gi (u j ) = 0 for any j < i , the family {gi (x)} is linearly independent.
Now, we construct the family of all sets Ti such that 0 ≤ |Ti | ≤ s − r − 1 and 1 6∈ Ti . We order
Ti such that |Ti | ≤ |T j | if i < j . For each Ti , define
pi (x) =
(
n∑
j=1
x j − k1
)
r∏
l=1
(
n∑
j=1
x j − (kl + 1)
) ∏
j∈Ti
x j .
Note that pi (w j ) = 0 if i < j and pi (wi ) 6= 0 since ki > s − r , where wi is the characteristic
vector of Ti . It follows that the pi ’s are linearly independent. Now, assume that∑
1 6∈Fi
αi fi (x)+
∑
i
βigi (x)+
∑
i
γi pi (x) = 0.
Assume that Fi ’s are ordered with respect to size for 1 ≤ i ≤ t , i.e. |Fi | ≤ |F j | if i < j . For Fi ’s
that do not contain 1, let F∗i denote the set Fi ∪ {1}. Let v∗i be the characteristic vector of F∗i .
First, we substitute v∗1 into the above equation. Note that gi (v∗1) = 0 because gi (x) has a factor
of x1 − 1 and x1 = 1 in v∗1 . Also, pi (v∗1) = 0 because the size of F∗1 is kl + 1 for some l. Thus,
we get α1 f1(v∗1) = 0. Since f1(v∗1) 6= 0, α1 = 0. Similarly, if we substitute v∗i by order of size
of Fi , then we get that αi = 0 for each i such that 1 6∈ Fi .
Now we prove that {gi (x), pi (x)} is linearly independent. Assume that∑
i
βigi (x)+
∑
i
γi pi (x) = 0.
Let T ∗i = Ti ∪ {1}. First we substitute the characteristic vector w∗1 of T ∗1 into the above equation.
Then we substitute w∗i into the above equation in order of nondecreasing size of Ti . Because
of the (x1 − 1) factor in gi ’s, gi (w∗j ) = 0 for all i . We get
∑
i γi pi (x) = 0. Since {pi (x)} is
linearly independent, γi = 0. It is left to show that all fi , gi , and pi taken together are linearly
independent. So consider∑
i
αi fi (x)+
∑
i
βigi (x)+
∑
i
γi pi (x) = 0.
We substitute for the characteristic vector vi of Fi with 1 ∈ Fi . We get αi fi (vi ) = 0. So
we are done. Any polynomial in the set { fi (x), gi (x), pi (x)} can be represented by a linear
combination of multilinear monomials of degree ≤ s. The space of such multilinear polynomials
has dimension
∑s
i=0
( n
i
)
. We found |F | +∑s−1i=0 ( n−1i )+∑s−r−1i=0 ( n−1i ) linearly independent
polynomials with degree at most s. So |F | +∑s−1i=0 ( n−1i )+∑s−r−1i=0 ( n−1i ) ≤∑si=0 ( ni ). Thus
|F | ≤
(
n−1
s
)
+
(
n−1
s−1
)
+ · · · +
(
n−1
s−r
)
. 
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Proof of Theorem 8. Our original proof for this theorem used the polynomial method in just the
same way as we proved the above theorem. A referee supplied the following short proof using
the Alon–Babai–Suzuki [2] result.
Let 1 ∈ ⋂mi=1 Fi . Then, consider F∗ = {F∗1 , F∗2 , . . . , F∗m} where F∗i = Fi − {1} for
1 ≤ i ≤ m. Now, |F∗i | ∈ K ∗ = {k∗1 , k∗2 , . . . , k∗r }, where k∗i = ki−1. Similarly, |F∗i ∩F∗j | ∈ L∗ =
{l∗1 , l∗2 , . . . , l∗s }, where l∗i = li − 1. However, now it may be that min k∗i = s − r . Remove all sets
from F∗ that are of size s − r . Then, we apply the Alon–Babai–Suzuki result to the remaining
family to get at most
(
n−1
s
)
+
(
n−1
s−1
)
+ · · · +
(
n−1
s−r+1
)
sets (note that F∗ is a family of subsets
of [n] − {1}). So, |F∗| ≤
(
n−1
s
)
+
(
n−1
s−1
)
+ · · · +
(
n−1
s−r+1
)
+ d, where d is the number of sets
of size s − r in F∗. But d ≤
(
n−1
s−r
)
. Thus, |F | = |F∗| ≤
(
n−1
s
)
+
(
n−1
s−1
)
+ · · · +
(
n−1
s−r+1
)
+(
n−1
s−r
)
. 
3. Remarks
Alon, Babai, and Suzuki proved the following theorem: Let K = {k1, . . . , kr } and L =
{l1, . . . , lr } be two disjoint subsets of {0, 1, . . . , p − 1}, where p is a prime. Let F =
{F1, . . . , Fm} be a family of subsets of [n] such that |Fi |(mod p) ∈ K for all Fi ∈ F and
|Fi ∩ F j |(mod p) ∈ L for i 6= j . Also, assume that r(s − r + 1) ≤ p − 1 and n ≥ s +max ki .
Then |F | ≤ ( ns )+( ns−1)+· · ·+( ns−r+1). In the same paper, they conjecture that if we drop the
condition r(s−r+1) ≤ p−1, then the above bound still holds. In [5], Qian and Ray-Chaudhuri
proved that with the condition n > 2s − r instead of r(s − r + 1) ≤ p − 1 and n ≥ s +max ki ,
the same bound holds.
Now we make the following observation: using Sperner theorem one can prove the bound of(
n
d n2 e
)
that does not depend on s, and does not need the extra conditions assumed by Alon, Babai,
and Suzuki, and Qian and Ray-Chaudhuri in their above-mentioned results.
Furthermore, this bound is better than the bound above if 2s − 2r < n < 2s. To see this, note
that 2s − 2r < n < 2s implies s − r < n2 < s which implies
(
n
d n2 e
)
≤∑si=s−r+1 ( ni ).
We prove it using Sperner Theorem as follows: Let K and L be disjoint subsets of
{0, 1, . . . , p − 1}, as in the Alon, Babai and Suzuki theorem above. Now, let K ′ = {|Fi | :
Fi ∈ F}, and L ′ = {|Fi ∩ F j | : Fi , F j ∈ F, i 6= j}. If K ∩ L = ∅, then K ′ ∩ L ′ = ∅. For if
l ∈ K ′∩L ′, then l(mod p) ∈ K ∩L which contradicts that K ∩L = ∅. Now, if Fi ⊂ F j for some
i 6= j , then |Fi ∩ F j | = |Fi | ∈ K ∩ L which cannot be and thus F is a Sperner family (i.e. a
family of sets such that no set is a subset of another in the family). By the Sperner Theorem,
|F | ≤
(
n
d n2 e
)
. 
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